The results and main steps of an analytic calculation of radiative-recoil corrections of order α(Zα) 5 (m/M )m to the Lamb shift in hydrogen are presented. The calculations are performed in the infrared safe Yennie gauge. The discrepancy between two previous numerical calculations of these corrections existing in the literature is resolved. Our new result eliminates the largest source of the theoretical uncertainty in the magnitude of the deuterium-hydrogen isotope shift.
I. INTRODUCTION
The spectacular experimental progress in precise measurements of the energy levels in light hydrogenlike atoms achieved in recent years was matched by an equally impressive theoretical developments (see, e.g., the review in [1] , and references therein). Still, there is a number of unsolved theoretical problems, not least among them the magnitude of radiativerecoil corrections to the Lamb shift of order α(Zα) 5 (m/M)m. This is the first nontrivial radiative-recoil correction, and it is generated by the radiative insertions in the exchanged photon lines and in the electron line. The correction generated by the one-loop polarization insertions in the exchanged photon lines was independently calculated analytically in [2] and [3] . The results of these works are in excellent agreement. Radiative-recoil corrections generated by radiative insertions in the electron line were obtained numerically in [4] [5] [6] and in [3] . The results of these works contradict each other. In this work we present an analytic calculation of the radiative-recoil corrections of order α(Zα) 5 (m/M)m, and resolve the discrepancy between different theoretical results.
Calculation of the contributions of order α(Zα) 5 m to the Lamb shift is greatly facilitated by the applicability of the scattering approximation. These corrections are generated by the diagrams with at least two photon exchanges in Fig. 1 , and naively one could expect that the diagrams with larger number of exchanges are also relevant. However, this does not happen. First, one has to realize that for high exchanged momenta expansion in Zα is valid, and addition of any extra exchanged photon always produces an extra power of Zα. Hence, in the high-momentum region only diagrams with two exchanged photons are relevant. Contribution of the low-momentum region is suppressed because the infrared behavior of any radiatively corrected Feynman diagram (or more accurately any gauge invariant sum of Feynman diagrams) is milder than the behavior of the skeleton diagram. Hence, unlike the leading contribution to the Lamb shift, diagrams with higher number of photon exchanges do not contribute to the corrections of order α(Zα) 5 m, and it is sufficient to calculate only the contributions of the diagrams in Fig. 1 in the scattering approximation (for more detail, see, e.g., [1] ). In the scattering approximation contribution to the energy shift generated by the diagrams in Fig. 1 is given by the integral
where m and m r are the electron and reduced masses, respectively, k is the momentum of the exchanged photon, L µν and H µν are the electron and the proton factors, respectively, and the Kronecker symbol δ l0 reminds that the radiative-recoil corrections of order α(Zα) 5 (m/M)m are different from zero only for the S-states.
The electron factor is equal to the sum of the self-energy, vertex, and spanning photon insertions in the electron line
and the heavy-line factor is given by the expression
where P = (M, 0) is the momentum of the proton. The expression for the energy shift in Eq.(1) contains both recoil and nonrecoil contributions of order α(Zα) 5 m. Nonrecoil correction of this order is well known from the early days of quantum electrodynamics, and in order to simplify further calculations we would like to obtain an expression for the energy shift free of such contributions. Let us notice to this end that the characteristic integration momenta in Eq.(1) are of order of the electron mass, the lower momenta are suppressed by the radiative insertions in electron line, and the momenta of order of the heavy mass are suppressed by the high power of the integration momenta in the denominators. Suppression of the high integration momenta means that the radiative-recoil correction of order α(Zα) 5 (m/M)m does not contain logarithms of the mass ratio ln(m/M) which could originate only from the wide integration region between the electron and proton masses m ≪ k ≪ M. Then we can kill all nonrecoil contributions and extract the first order in the mass ratio contribution simply by differentiating the integral in Eq.(1) over the heavy mass M, and letting this mass to go to infinity afterwards. The integral in Eq.(1) contains the heavy mass only in the heavy particle factor, and to extract the linear in the mass ratio term we make in the integrand the substitution
Due to the explicit factor 1/M before the braces, it is sufficient to consider the last factor in this expression only in limit k/M → 0 (we remind that the characteristic integration momenta are much less than the proton mass k ≪ M). Then the coefficients before the tensor structures in the last line in Eq.(4) simplify dramatically. We are going to calculate the Feynman integrals in the polar coordinates in the fourdimensional euclidean space, where the vector k is parametrized in the form k 0 = k cos θ and |k| = k sin θ. It is easy to see that the integrals with the coefficient before the first tensor structure in the braces in Eq.(4) should be calculated as principal value integrals over the polar angle
where ε = k/2M and ℘ is the principal value symbol.
The second term in the braces in Eq. (4) is odd in k 0 , and it will give nonzero contribution to the integral over k only multiplied by another odd in k 0 term from the electron factor. But this means that the electron factor would effectively supply an extra power of k 0 in the numerator, and we can safely take the limit ε → 0 in the coefficient before the second tensor structure in Eq.(4). The factor before the g muν term in Eq.(4) admits a smooth limit for ε → 0. Then the heavy particle factor turns into
and the general expression for all radiative-recoil corrections of order α(Zα)
This expression is much more convenient for calculations than Eq. (1) because it depends on the heavy mass only through the explicit factor m/M before the integral. The expression for the energy shift in Eq. (7) is linearly infrared divergent like 1/γ where γ is an auxiliary infrared cutoff in integration over k. This linear infrared divergence is the price we have to pay for the simplicity of the scattering approximation. The point is that the expressions for the energy shifts in Eq. (1) and Eq. (7) contain not only corrections of relative order (Zα) 5 but also the corrections of the previous order in Zα. If we would not ignore small virtualities of the external electron lines and the external wave functions the naive infrared divergence would be regularized at the characteristic atomic scale γ ∼ mZα. We are not interested in the contributions of the previous order in Zα, and will simply throw away linearly infrared divergent contributions in our calculations. Remaining infrared finite contribution is just the radiative-recoil correction of relative order α(Zα) 5 . This strategy works because the radiative-recoil corrections under consideration do not contain logarithms of Zα. However, individual diagrams could contain logarithms of the infrared cutoff which should cancel in the final result. This cancellation serves as an additional test of the correctness of all calculations. In the scattering approximation the diagrams in Fig. 1 form a complete gauge invariant set, and we can use arbitrary gauge for their calculation. In order to improve the low-momentum behavior of individual diagrams we use the Yennie gauge for the radiative photons.
II. MASS OPERATOR CONTRIBUTION
Let us consider first the contribution to the radiative-recoil correction of order α(Zα)
5 (m/M)m generated by the diagrams with the self-energy insertions in the electron line in Fig. 1 . The renormalized mass operator in the Yennie gauge has the form (see, e.g., [7] )
According to Eq.(7) respective contribution to the Lamb shift may be written as
where
and a
In the formulae below we will often use dimensionless momenta measured in terms of the electron mass k → mk, and a shorthand notation
3 m for the common normalization factor. As an example of our calculations let us consider evaluation of the contribution to the energy shift generated by the last most infrared singular term in the square brackets in Eq.(9)
The integration in the last line goes over the four-dimensional euclidean space, and we have introduced an auxiliary infrared cutoff γ. Using the identity
we represent the integral in Eq.(10) in the form
where the principal value integral contains only a trivial dependence on the angles. All principal value integrals we need in this work, in particular the integrals
may be obtained from the basic integral
with the help of algebraic transformations. Now we can easily complete calculation of the integral in Eq.(10)
Other integrals in Eq. (9) are calculated in the same way, and we obtain the total selfenergy contribution to the energy shift in the form
III. VERTEX CONTRIBUTION
We calculate the contribution to the Lamb shift generated by the vertex insertion in the electron line in Fig. 1 with the help of the compact expression for the electron-photon vertex in the Yennie gauge used in our earlier work on the radiative corrections of order α 2 (Zα)
and Q = −p + kz, p 2 = m 2 . According to Eq. (7) radiative-recoil contribution of order α(Zα) 5 (m/M)m generated by the vertex insertion has the form (we use dimensionless integration momenta below)
Calculating traces and contracting the Lorentz indices we obtain the numerator factors in the square brackets in Eq.(19)
As a simple example let us consider calculation of the contribution to the energy shift generated by the terms in the last line in Eq.(20)
The last integral as all other integrals in this paper may be written as a linear combination of the integrals of the form
where l, m, n = −1, 0, 1 and p = 1, 2, 3. For l = −1 the integrals with cos 2 θ in the denominator should be interpreted as principal value integrals. All these integrals may be calculated in terms of four standard functions of the parameters a, b
The result of integration for our example in Eq. (22) is
In the contribution to the energy shift in Eq.(22) the electron denominator canceled with a similar term in the numerator, and as a result all denominators were combined with the help of only two Feynman parameters x, z. Let us turn now to a simple example when such cancelation does not take place, and we need to introduce a third Feynman parameter t. The contribution generated by the first term in Eq.(20) may be written in the form
where a 2 t = a 2 t and b t = 1 − z(1 − z)a 2 t. The integral over angles and momenta in Eq. (26) is just of the standard form Eq.(23), and may be easily calculated. Integration over t is facilitated by the simple observation that the t-integral may be written as an integral over a 2 t with the upper limit a 2 . After this transformation all dependence of the new integral on x is hidden in this upper integration limit, and we can get rid of the third Feynman parameter integrating by parts over x (for more details see [7] ) 
Total vertex insertion contribution to the radiative-recoil correction of order α(Zα) 5 (m/M)m is given by the sum of the contributions in Eq.(28) and Eq.(29)
IV. SPANNING PHOTON CONTRIBUTION
The contribution to the Lamb shift generated by the spanning photon insertion in the electron line in Fig. 1 is calculated with the help of an explicit expression for the jellyfish diagram. The small k behavior of the jellyfish diagram is one of our primary concerns in further calculations, since the contribution of the previous order is connected just with this infrared region. The jellyfish diagram is finite at small k in the Yennie gauge, and this is one of the reasons why we are working in this gauge. We need such representation for the jellyfish diagrams where not only the diagram as a whole, but all entries are finite at k = 0.
The compact expression for the jellyfish diagram with such properties was used in our earlier work on the radiative corrections of order α 2 (Zα)
where 
We will use the integral ∆E
